We apply the soft-collinear effective theory (SCET) to deep inelastic scattering near the endpoint region. The forward scattering amplitude, and the structure functions are shown to factorize as a convolution of the Wilson coefficients of the current operators, the jet functions, the soft Wilson lines and the parton distribution functions. The factorized form of the structure functions is obtained by the two-step matching between SCET I and SCET II , and the radiative corrections or the evolution for each factorized part can be computed in perturbation theory. We present the radiative corrections of each factorized part to leading order in α s .
I. INTRODUCTION
The soft-collinear effective theory (SCET) [1, 2, 3] is a general theoretical tool to treat physical processes with energetic light particles in a systematic way. For an energetic particle moving in the n µ direction, the momentum can be decomposed into
where Q is a large scale, and n µ , n µ are lightlike vectors satisfying n 2 = n 2 = 0, n · n = 2.
Each component has a distinct scale in powers of Λ which is a typical hadronic scale, and SCET describes the interactions of these collinear particles and the ultrasoft (usoft) particles with momentum p µ us ∼ (Λ, Λ, Λ). Since there are three distinct scales when we decompose the momentum of a collinear particle, SCET usually employs a two-step matching process by integrating out large energy scales successively [3] . In the first stage the degrees of freedom of order Q from the full theory are integrated out to produce SCET I . In SCET I , collinear particles are allowed to interact with usoft particles and the typical virtuality of the collinear particles is p SCET has been successfully applied to various B meson decays [1, 4, 5, 6, 7, 8, 9, 10, 11] .
It is especially convenient to study the factorization properties of various types of B decays including the effects of the spectator interactions since SCET is formulated such that soft and collinear particles are decoupled. On the other hand, SCET can be applied to other high-energy processes which include energetic light particles [12, 13, 14, 15, 16] . It has been applied to deep inelastic scattering (DIS) in Ref. [14] near the endpoint region using SCET.
In this paper we consider the endpoint region in deep inelastic scattering, but we analyze it more carefully using the two-step matching to show the explicit factorization of the hard part, the jet function, the soft gluon emissions, and the parton distribution functions for the scattering cross section. The factorization of the hard and soft interactions in the amplitudes of B decays is a big issue, and SCET turns out to be useful in explicitly proving the factorization properties. This is also true in deep inelastic scattering. And we take one step further to consider another aspect of deep inelastic scattering, namely the behavior of the longitudinal structure function near the endpoint region. The longitudinal structure function is zero at leading order in α s due to the fact that the parton (quark) in the proton has spin 1/2. However this is broken at order α s and the longitudinal structure function is suppressed by Λ, which we explicitly present here.
In Section II we introduce the kinematic variables describing deep inelastic scattering.
We choose the Breit frame and determine how the momenta scale in powers of Λ, which is useful in constructing and matching effective theories. The forward scattering amplitudes, and the structure functions are defined in SCET, and are compared with those in the full theory. In Section III the method on how to compute the forward scattering amplitudes in deep inelastic scattering using SCET is described. The leading and the subleading currents are introduced and the prescription for the usoft factorization is explained. In Section IV, we compute the structure function F 1 (x, Q), and show that it factorizes. The radiative corrections for the factorized terms, which consist of the quark distribution functions, the soft
Wilson lines, and the jet functions, can be computed in perturbation theory. We compute the radiative corrections of each term to leading order in α s , and express the moments of the structure functions to leading logarithmic accuracy. In Section V, we compute the longitudinal structure function F L (x, Q) in SCET and show that it also factorizes. In the final section, we give a conclusion. In Appendix A, the subleading current J (1b) µ of the electromagnetic current is derived using the auxiliary field method. In Appendix B, the procedure for taking the imaginary part in SCET I and SCET II is explained. In Appendix C, the anomalous dimension of the operator J (1b) µ is computed to order α s .
II. KINEMATICS
Let us consider the electroproduction in deep inelastic scattering ep → eX near the endpoint region. The hadronic process consists of γ * p → X, and we choose the Breit frame in which the incoming proton is in the n µ direction, and the outgoing hadrons are mainly in the n µ direction. The momentum transfer q µ from the leptonic system is given by
where q 2 = −Q 2 is the large scale. The Bjorken variable x is defined as
where P µ is the proton momentum in the n µ direction. The momentum of the proton P µ and the momentum of the final-state particles p X = P + q are given by
with
where Λ is a typical hadronic scale of order 1 GeV. Near the endpoint where x approaches 1 (1 − x ∼ Λ/Q), the invariant mass squared of the final-state
Then the final-state particles can be regarded as collinear particles in SCET I , which will be integrated out to obtain SCET II through the two-step matching procedure.
At the parton level, let p µ be the momentum of the incoming parton inside the proton, and let y be the longitudinal momentum fraction (n · p = yn · P ). Then the Bjorken variable w at the parton level is given as
If we denote the momentum of the outgoing parton as p ′ , it can be written as
And the endpoint region corresponds to 1 − w ∼ Λ/Q such that p ′2 ∼ QΛ.
The spin-averaged cross section for deep inelastic scattering can be written as
where k and k ′ are the incoming and outgoing lepton momenta with q = k ′ − k, L µν is the lepton tensor, and s = (p + k) 2 . The hadronic tensor W µν is related to the imaginary part of the forward scattering amplitude T µν . The forward scattering amplitude is defined to be the spin-averaged matrix element of the time-ordered product of the electromagnetic currents as
where J µ is the electromagnetic current. The hadronic tensor W µν is related to the imaginary part of the forward scattering amplitude as
In electroproduction, if we consider all the possible Lorentz structure, T µν at leading order in SCET can be in general written as
where g ⊥ µν = g µν − (n µ n ν + n µ n ν )/2. Due to the current conservation (q µ T µν = 0), and the parity conservation, we have the relation T 4 = T 5 = T 2 , and T 3 = 0. Therefore the forward scattering amplitude has two independent components which can be written as
Eq. (11) can be cast into different forms using the fact that q µ = Q(n µ − n µ )/2, and any terms proportional to n µ − n µ can be discarded since they vanish when they are contracted with the lepton tensor. We can write n µ + n µ = (n µ − n µ ) + 2n µ = (n µ − n µ ) + 2n µ and drop the terms proportional to n µ − n µ . Then Eq. (11) can be equivalently written as
or
In the conventional analysis, the structure functions are defined from the hadronic tensor
where the terms proportional to q µ or q ν are dropped since they vanish when they are contracted with the lepton tensor. Using P µ = n · P n µ /2, 2P · q = n · P n · q = Q 2 /x, we can write Eq. (14) as
where we extract n µ − n µ and discard it to obtain the third relation, and the longitudinal structure function F L (x, Q) is defined as
And the Lorentz structure n µ n ν in the final expression of Eq. (15) can be replaced by n µ n ν .
Comparing Eqs. (11) and (15), we obtain the relations
As we will show explicitly to leading order in α s , T 1 (x, Q) receives the contribution at leading order, and T 2 (x, Q) is suppressed by Λ/Q and α s compared to T 1 (x, Q). Therefore the Callan-Gross relation F L = 0 is violated at subleading order, and F L can be computed using SCET. In fact, the transformation of Eq. (11) to Eq. (12) or (13) turns out to imply nontrivial relations because the subleading contributions proportional to n µ n ν and n µ n µ come from the contributions of different subleading current operators in SCET. But the statement that all the expressions are equivalent means that the longitudinal structure functions can be obtained using any subleading current operators and it holds to all orders in α s . The nontrivial relation will be presented explicitly in this paper at order α s .
III. FORMULATION IN SCET NEAR THE ENDPOINT REGION
In computing the forward scattering amplitude, we first express the electromagnetic current J µ in terms of the effective fields in SCET I . The electromagnetic current operator at leading order is given by
where W n and Wn are the collinear Wilson lines in the n µ and n µ directions respectively, and they are given by
Here A 
where P + = n · P † + n · P. The operator form in Eq. (20) is useful in deriving the Feynman rules to compute radiative corrections. The hard coefficient C(Q, ω) can be regarded as a number and it can be obtained from matching the full theory onto SCET I , and to order α s , it is given by [14] 
The hard coefficient C(Q, µ) satisfies the renormalization group equation [14] 
There are two kinds of subleading current operators at order λ ∼ Λ/Q, one of which arises from the subleading correction to the fermion field ξ n as
The second term in Eq. (23) yields the subleading current at tree level
The second type arises from integrating out the off-shell modes when the collinear quark ξn in the n µ direction emits a collinear gluon A µ n in the n µ direction, which is given at tree level as Obviously there are also other types of subleading currents which can be obtained either by expanding ξn to subleading order or by considering the process in which ξ n emits A μ n . However these subleading operators do not contribute to the jet function which is obtained by integrating out the degrees of freedom of order p 2 ∼ QΛ in going down to SCET II because these subleading operators describe the interaction of the n-collinear particles in the proton. These operators can contribute to the subleading corrections for the parton distribution functions which are given by the matrix elements of the collinear operators in the n µ direction, and we will not consider them here.
Before going down to SCET II , it is convenient to factor out the usoft interactions by redefining the collinear fields, for example, as
for the collinear fields moving from −∞ to x. Once the usoft interactions are factored out, the collinear particles do not interact with usoft particles any more. The prescription of the usoft Wilson lines depends on the propagation of the collinear particles and antiparticles to which the soft gluons are attached, and it is described in detail in Ref. [16] . The possible usoft Wilson lines are given by
where R is the momentum operator for the usoft fields and the path ordering P means that the fields are ordered such that the gauge fields closer (farther) to the point x are moved to the left, while P denotes the anti-path ordering. As in Ref. [16] , Y n (Y † n ) is the usoft Wilson line attached to the collinear particle (antiparticle) from −∞, whileỸ n (Ỹ † n ) is the usoft line attached to the collinear antiparticle (particle) moving to ∞. Now that the current operators at leading and subleading order in SCET are known, the procedure for computing the forward scattering amplitude T µν , or the hadronic tensor W µν can be systematically described. We compute T µν in SCET I and factorize the usoft interactions using the appropriate prescription for the usoft Wilson lines. Then we integrate out the degrees of freedom of order p 2 ∼ QΛ to obtain the result in SCET II . In SCET II the soft interactions are decoupled from the collinear particles with p 2 ∼ Λ 2 , and the decoupled soft particles contribute to the soft Wilson lines which are responsible for the emission of soft gluons. The factorization proof of the structure functions F 1 (x, Q) and F L (x, Q) proceeds according to this procedure in the next two sections.
In SCET I after the usoft factorization, the time-ordered productT
µν at leading order is written aŝ
wherep µ andp ′µ are the label momenta. Note that n·q = n·p ′ which ensures the conservation of the label momenta in the n µ direction, while there is a slight mismatch in the n µ direction near the endpoint w ∼ 1 such that n · q + n ·p = (1 − w)n · p, which survives in the exponent.
The Feynman diagram of the forward scattering amplitude forT
µν is sketched in Fig. 1 (a). The prescription for the usoft Wilson lines, specified in Eq. (29), is described in Fig. 1 
(b).
It is determined by the external states, which consist of an incoming particle ξn from −∞ to 0, and an outgoing particle ξn from z to ∞. The intermediate states can move either from 0 to −∞ and then from −∞ to z, or from 0 to ∞ and then from from ∞ to z. In both cases, the usoft Wilson line survives between 0 and z, and the remaining part is cancelled. Either choice of the intermediate states is appropriate for describing deep inelastic scattering and here we choose the usoft Wilson lines for each current as
where the intermediate state is going from 0 to −∞, then moving from −∞ to z. This prescription is used in Eq. (29). Since there are no collinear particles in the n µ direction in the final state, we obtain the jet function defined by
where P is the label momentum and J P (k) depends only on n · k. We can simplifyT (0) µν using the fact that
and plugging the jet function into Eq. (29), we havê
where the usoft Wilson line Y n (Yn) in SCET I is replaced by the soft Wilson line S n (Sn)
in SCET II . And we use the fact that the usoft interaction is decoupled from the collinear sector, and pull out the usoft interactions, described by the vacuum expectation of the soft
Wilson line S(η), which is given by
Eq. (33) is the factorized form for the leading forward scattering amplitude. It consists of a hard part C 2 (Q, ω), which is the Wilson coefficient in matching the current between the full theory and SCET I , the jet function J P (n · k), which is the Wilson coefficient in matching between SCET I and SCET II , and the remaining collinear and soft operators in SCET II , whose matrix elements are nonperturbative parameters in the theory. The radiative corrections or the renormalization group evolution of each term can be computed in perturbation theory.
Note that the final operators in SCET II show a peculiar structure. In inclusive B decays after the two-step matching, the final operator is a heavy quark bilinear operator in which 
where Y (y, −y) is the path-ordered Wilson line and |P is the proton state with momentum p. In SCET, the distribution functions can be defined by the matrix elements of the collinear fields with collinear proton states as
where f q P (y) (fq P (y)) is the quark (antiquark) distribution function in the proton with the longitudinal momentum fraction y. Because of the charge conjugation symmetry of the strong interaction, the structure functions for a quark and an antiquark are the same except the parton distribution functions in the proton, and we suppress the contribution of antiquark for simplicity. The matrix element of the collinear operator in Eq. (33) in terms of the parton distribution functions can be written as
where g ⊥ µν = g µν − (n µ n ν + n µ n ν )/2, and only the quark distribution function is shown. The forward scattering amplitude T (0) 1 , which is the component proportional to −g ⊥ µν , can be written as
Eq. (38) can be expressed in terms of the partonic variables. Let us introduce η =
(1 − z)n · p. Since the jet function J P (n · k) has a support for a positive argument, z should be in the region w ≤ z ≤ 1. Then
can be written as
where the Wilson coefficient C(Q) is pulled out of the integral since it is a function of Q only.
The forward scattering amplitude factorizes into the convolution of the Wilson coefficients, the parton distribution functions, the soft Wilson lines and the jet functions.
We take the imaginary part of T
1 (x, Q) to obtain the structure function F 1 (x, Q). The hard coefficient C(Q) and the parton distribution functions f q P (y) are real, therefore the imaginary part arises from the product of S (1 − z)n · p J P (z − w)n · p . The procedure of taking the discontinuity can be performed either in SCET I or in SCET II . Since Eq. (39) is the result obtained in SCET II , we describe how the imaginary part can be taken in SCET II .
The imaginary part of T In SCET II , we obtain the structure function as
Let us define the dimensionless soft Wilson lines and the jet function as
where
Then F 1 (x, Q), with the explicit dependence on the renormalization scales, can be written as If we write
the moment of F 1 (x, Q) can be written as
The n-th moment of B(w) can be simplified by noting that J P (z − w) is of the form
This will be verified explicitly at order α s later. By definingS(z) = S(1 − z), the n-th moment of B(w) is given as
which is the product of the n-th moments of the soft Wilson line and the jet function.
Finally, the moment of the structure function is given as
The advantage of SCET in obtaining Eq. (48) is that each component can be computed independently using perturbation theory, and we can clearly understand how these terms arise in SCET. The hard coefficient C(Q, µ 0 ) can be computed by matching the electromagnetic current between the full theory and SCET I . The moments of the jet functionJ P,n (µ 0 , µ)
are obtained by matching SCET I and SCET II . The evolution of the parton distribution functions come from the collinear interactions in SCET II , and that of the soft Wilson line arises from the soft interactions in SCET II . We now compute each contribution to leading order in α s .
A. Quark distribution functions
The quark distribution operator, the matrix element of which yields the quark distribution function, is given by
The Feynman rules for the operator including a single gluon are shown in Fig. 2 . And the Feynman diagrams for the radiative corrections of the quark distribution operator at one loop are shown in Fig. 3 . The radiative corrections in Fig. 3 , using the dimensional regularization with D = 4 − 2ǫ, are given as
Note that the terms proportional to θ(ω) (ω > 0) in Eq. (50) contribute to the quark distribution function, while those with ω < 0 contribute to the antiquark distribution function. Therefore the sum of all the corrections contributing to the quark distribution function is given by 
where the counterterm Z(ω, ω ′ ) is given by
The renormalization group equation for O R q is given by
where the anomalous dimension γ(ω, ω ′ ) is given by
In order to express Eq. (54) in terms of dimensionless variables, let us write ω = 2Ey,
, where E is the energy of the quark and 0 < y, z < 1. The renormalization group equation Eq. (54) is written as
where P(x) is the quark splitting function given by
The matrix element of O q yields the quark distribution function. If we take the moment of the quark distribution function
this moment satisfies the renormalization group equation
and the anomalous dimension γ q is given as
where the last expression is the large n limit with N = ne γ E .
B. Soft Wilson lines
The operator for the soft Wilson line is given by
The radiative correction for the soft Wilson line was computed in Ref. [16] . The relation between the bare operator S B (η) and the renormalized operator S R (η) is given by
The renormalization group equation for S(η) by putting
Therefore the renormalization group equation forS(z) = S(1 − z) is written as
The n-th moment of the soft Wilson lineS(z) satisfies the renormalization group equation
where the anomalous dimension γ S is given as
where H n = n j=1 1/j, and the last expression is the large n limit.
C. Jet function
To order α s , the jet function J P (n · k) is given as
where P is the label momentum P = n · p ′ = Q. Therefore J Q (z − w)n · p is written as
The imaginary part of J Q (z − w)n · p is given by
The dimensionless jet function defined asJ Q (w/z) = zJ Q (z − w) with n · p = Q/w can be written asJ
where we neglect the ln w/z term as w/z → 1. The moment ofJ Q is given as
where the last expression is obtained in the large n limit, which is consistent with the result in Ref. [14] .
We can present the moment of F 1 (x, Q) to order α s . It is the product of the square of the hard coefficient C(Q), twice the running of the hard coefficient from Q to Q/ √ N using Eq. (22) , the jet function at Q/ √ N , and the running from Q/ √ N to µ using Eqs. (60), (67):
This result can be compared to the deep inelastic scattering structure function to one loop in Ref. [20] , where the moments of the nonsinglet structure function F 2 /(2x) are given as
Here A N (µ) are the matrix elements of the twist-two operators renormalized at µ, and γ q is given in Eq. (60). In the large N limit, B emission in high-energy processes in the full theory was considered in Ref. [21] .
The final result for the moments of the structure function in SCET is given by
When we resum the large logarithms in Eq. (77), it is written as
The longitudinal structure function F L (x, Q) is proportional to the imaginary part of
, which is the coefficient of product of n µ (or n µ ) and n ν (or n ν ) in T µν . If we consider the tensor structure of the time-ordered products of the currents in SCET,
is obtained by the products of the subleading currents which is the generalization of the tree-level results in Eqs. (24) 
where the last expression is obtained by factorizing the usoft interactions after redefining the collinear fields. The Feynman diagram for T 2 (x, Q) is schematically shown in Fig. 4 .
Since there are no collinear particles in the n µ direction in the final state, we can define the jet function J a P as
andT aa 2 can be written aŝ
where the soft Wilson line S(η) and the quark distribution function f q P (y) are previously defined, and η = (1 − z)n · p (w < z < 1). Taking the spin-averaged matrix element between the proton state, T aa 2 is given as
We can also compute the contribution to T 2 (x, Q) using J (1b) µ , which comes from the part proportional to n µ n ν inT µν . It is written aŝ
By defining the jet function as
T bb 2 after factorizing the usoft interactions is given aŝ
Feynman rules of the current j (1b) (ω) with one or two n-collinear gluons.
where we also introduce the variable η = (1 − z)n · p. Taking the spin-averaged matrix element between the proton state, T bb 2 is given as
We can clearly see that both T aa 2 and T bb 2 factorize. By taking the imaginary part of T aa 2 or T bb 2 , the longitudinal structure function F L (x, Q) can be written as
where the first (second) expression is obtained using T 
Feynman rules of the current j (1a) (ω) with a single n-collinear gluon.
is given as
where we collect the finite terms only in the last expression. Therefore the jet function
Comparing the definitions of the jet functions J 
It is easy to see this relation by looking at the Feynman rules for j (1a) , which are presented in Fig. 6 . Note that there is an additional factor of 1/(n · p ′ ) 2 in the definition of J a P , and the nonzero contribution comes from the part proportional to γ ⊥α , of which the radiative corrections are the same using j (1a) and j (1b) .
Let us simplify the expression for F L (x, Q) in Eq. (89). At order α s , since the jet functions are already at order α s , the Wilson coefficients C(Q) and B(ω) take their tree-level values, that is, 1. Introducing the dimensionless variable r = ω/n · p ′ , the jet function J b P is written as
Therefore the imaginary part is given by
At order α s , the longitudinal structure function F L (x, Q) becomes
where the first (second) expression comes from T aa 2 (T bb 2 ). The two expressions differ by a factor of w 2 , which gives a subleading correction since 1 − w ∼ Λ/Q. Therefore it has been shown that the contributions from T aa 2
and T bb 2 to F L (x, Q) are the same near the endpoint region at leading order in Λ/Q. In fact, the result of the electromagnetic current conservation goes further than the fact that T 2 can be obtained using either J The moment of F L (x, Q) using the first expression in Eq. (89) is written as
where the last expression is obtained in the large n limit. Compared to the moment F 1,n , F L,n is suppressed by n, which confirms that the longitudinal structure function F L (x, Q) is suppressed by Λ/Q compared to F 1 (x, Q). In order to obtain the exponentiated form, we should compute the radiative corrections to next-to-leading order accuracy. This has not been done in this paper, but all the logarithmic terms such as α k s ln l n/n can be resummed from the factorization property in SCET, as suggested in the approach using the full theory [22] .
VI. CONCLUSION
Deep inelastic scattering near the endpoint region can be described in SCET. The factorization of the structure functions is explicitly shown to order α s , and the moments of the structure functions are expressed as a product of the Wilson coefficients, the moments of the jet functions, the parton distribution functions, and the soft Wilson lines. The radiative corrections for each component can be separately computed using perturbation theory. The structure function F 1 (x, Q) starts at leading order in Λ, while the longitudinal structure function F L (x, Q) starts from order Λ and α s . Therefore the Callan-Gross sum rule holds at leading order in Λ, and the corrections can be systematically computed in SCET.
High-energy processes, such as deep inelastic scattering, Drell-Yan processes, hadron
collisions, e + e − → jets, can be described by SCET. And all these processes possess common features though the detailed dynamics may be different. First, the scattering cross sections are factorized, that is, the short-distance physics and the long-distance physics are separated.
There In this paper we have considered the contribution from the valence quarks in the proton.
To be complete, the contribution from the gluons in the proton should be included at higher orders in α s . In this case we have to consider the collinear operators with gluons, which contribute to the gluon distribution function in the proton. Though it will be more involved because of the operator mixing, the procedure for showing the factorization is straightforward. The complete treatment of deep inelastic scattering near the endpoint region including the gluon operators will be considered elsewhere. It will be interesting to see if other various high-energy processes near the endpoint region can have similar features as those in deep inelastic scattering.
